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Abstract
The two-time correlation function for probe spin interacting with
spin system (bath) is studied. We show that zeros of this function
correspond to zeros of partition function of spin system in complex
magnetic field. The obtained relation gives new possibility to observe
the Lee-Yang zeros experimentally. Namely, we show that measuring
of the time dependence of correlation function allows direct experi-
mental observation of the Lee-Yang zeros.
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1 Introduction
After works of Lee, Yang [1, 2] and Fisher [3] analysis of partition func-
tion zeros are considered as a standard tool of studying properties of phase
transitions in different systems [4].
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It is well known that the partition function of physical system is positive
and can not be equal to zero. The partition function may have zeros if we
allow the parameters in the hamiltonian of a system to be complex. These
zeros are called Lee-Yang zeros. Lee and Yang studied zeros of partition
function for ferromagnetic Ising model with complex magnetic field [2] and
proved the theorem that all zeros are purely imaginary. This theorem holds
for any Ising-like model with ferromagnetic interaction [5] (see also [6, 7,
8]). Later Fisher generalized the Lee-Yang result to the case of complex
temperature [3].
Studies of zeros of partition function for spin systems have attracted much
attention (see, for instance, [9, 10, 11, 12, 13, 14] and references therein).
At the same time there are essentially smaller number of papers devoted
to studies of zeros of partition function of Bose systems (see, for instance,
[15, 16, 17, 18]) and Fermi systems (see, for instance,[20, 21]).
It is worth noting that studies of partition function zeros are impor-
tant fundamentally. Zeros of partition function fully determine the analytic
properties of free energy and are very useful for studies thermodynamical
properties of many-body systems.
Because of difficulties in the experimental realization of a many-body
system with complex parameters, for a long time studies of Lee-Yang zeros
were only theoretical. In 1998 an experimental access to study the density
function of zeros on the Lee-Yang circle for a ferromagnet was provided [9].
Later in paper [10](see also [11]), analyzing decoherence of probe spin, the
possibility of direct experimental observation of Lee-Yang zeros for partition
function of spin system was shown. The authors of [12] reported direct
experimental observation of Lee-Yang zeros. In [22] it was suggested that
dynamical phase transitions may be also analyzed and detected within the
framework of Lee-Yang zeros. Report on experimental determination of the
dynamical Lee-Yang zeros was presented in [23]. In our recent paper [18]
we showed the possibility of experimental observation of Lee-Yang zeros for
interacting Bose gas, considering time-dependent correlation function. In [19]
we found that zeros of time-dependent correlation functions of q-deformed
Bose gas are related with the Fisher zeros.
In the present paper we relate zeros of two-time correlation function of
probe spin with zeros of partition function of spin system (bath) with which
probe spin is interacted. This relation in principle gives a new possibility for
experimental observation of Lee-Yang zeros for spin systems in addition to
that presented in [10, 12].
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The paper is organized as follows. In section 2 we give the preliminary
information about the system under consideration. In Section 3 we find
relation of zeros of two-time spin-1/2 correlation functions with Lee-Yang
zeros. The possibility of simple experimental realization of considered system
is shown in section 4. Conclusions are presented in Section 5.
2 Hamiltonian of system under consideration
We are interested in study of the Lee-Yang zeros of spin-1/2 system under
magnetic field with sufficiently general Hamiltonian
H = H ′ − h
N∑
i=1
σzj , (1)
and only one restriction that H ′ commutes with the total spin
[H ′,
N∑
i=1
σzj ] = 0. (2)
Hamiltonian H ′ can be Ising Hamiltonian H ′ = −
∑
jj′ Jjj′σ
z
jσ
z
j′, Heisenberg
Hamiltonian H ′ = −
∑
jj′ Jjj′(σjσj′) or some other that satisfy (2). Pauli
operators σαj (α = x, y, z, or 1, 2, 3) are related with the spin operators s
α
j =
~σαj /2 and satisfy the following commutation relations
[σαj , σ
β
j′] = 2iδjj′ǫ
αβγσγj . (3)
In addition these operators satisfy anticommutation relation
{σαi , σ
β
i } = 2δ
αβ. (4)
Here ǫαβγ is antisymmetric tensor and δjj′, δ
αβ are Kronecker symbols.
We include into consideration probe spin-1/2 coupled to the considered
system (bath) which is described by Hamiltonian (1), with the probe-bath
interaction
Hint = −λσ
z
0
N∑
j=1
σzj , (5)
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where σz0 corresponds to the probe spin, λ is a coupling constant. So, the
total Hamiltonian is
HT = H +H0 +Hint, (6)
here H0 = −h0σ
z
0 is the Hamiltonian of probe spin placed in magnetic field
h0. Hamiltonian similar to (6) was considered in [10].
3 Two-time spin correlation function
Let us consider two-time correlation function for probe spin, which reads
〈σ+0 (t+ τ)σ
−
0 (t)〉 =
1
ZT
Tre−βHTσ+0 (t + τ)σ
−
0 (t), (7)
where, σ±0 = (σ
x
0 ± iσ
y
0)/2, ZT = Tre
−βHT is partition function of the total
Hamiltonian, Tr = Tr1,2,...,NTr0 is going over all spins including the probe
one. Heisenberg representation for operators reads
σ−0 (t) = e
iHT t/~σ−0 e
−iHT t/~ =
e−iλσ
z
0
∑N
j=1 σ
z
j t/~−ih0σ
z
0
t/~σ−0 e
iλσz
0
∑N
j=1 σ
z
j t/~+ih0σ
z
0
t/~, (8)
here we take into account that the probe spin operators commute with
other ones. In addition taking into account that σ−0 anticommutes with
σz0 , {σ
−
0 , σ
z
0} = 0, we find
σ−0 (t) = σ
−
0 e
i2λσz
0
∑N
j=1 σ
z
j t/~+i2h0σ
z
0
t/~. (9)
The conjugated operator to σ−0 (t) reads
σ+0 (t) = e
−i2λσz
0
∑N
j=1 σ
z
j t/~−i2h0σ
z
0
t/~σ+0 , (10)
The product of these operators can be written as
σ+0 (t+ τ)σ
−
0 (t) =
= e−i2λσ
z
0
∑N
j=1 σ
z
j (t+τ)/~−i2h0σ
z
0
(t+τ)/~σ+0 σ
−
0 e
i2λσz
0
∑N
j=1 σ
z
j t/~+i2h0σ
z
0
t/~ =
=
1
2
(1 + σz0)e
−i2λσz
0
∑N
j=1 σ
z
j τ/~−i2h0σ
z
0
τ/~. (11)
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Then correlation function reads
〈σ+0 (t+ τ)σ
−
0 (t)〉 =
=
1
ZT
Tr1,2,...,NTr0e
−βHT
1
2
(1 + σz0)e
−i2λσz
0
∑N
j=1 σ
z
j τ/~−i2h0σ
z
0
τ/~ =
=
1
ZT
Tr1,2,...,Ne
−β(H′−h
∑N
i=1 σ
z
j )Tr0
1
2
(1 + σz0)e
(βλ−i2λτ/~)σz
0
∑N
j=1 σ
z
j+(βh0−2ih0τ/~)σ
z
0 ,(12)
here we substitute the total Hamiltonian given by (6).
Taking trace over the probe spin and using identity
Tr0
1
2
(1 + σz0)e
σz
0
Aˆ = eAˆ, (13)
where Aˆ is an operator which commutes with σz0 , we obtain very interesting
result
〈σ+0 (t+ τ)σ
−
0 (t)〉 =
e(βh0−2ih0τ/~)
ZT
Tr1,2,...,Ne
−β(H′−h˜
∑N
j=1 σ
z
j ) =
= e(βh0−2ih0τ/~)
Z(β, h˜)
ZT
, (14)
here Z(β, h˜) is the partition function of Hamiltonian (1) with complex mag-
netic field
h˜ = h+ λ− i
2λτ
β~
. (15)
Thus, we find the direct relation (14) of two-time correlation function with
the partition function of spin system in complex magnetic field. According
to (14) zeros of correlation function are zeros of partition function Z(β, h˜) of
Hamiltonian (1) with complex magnetic field.
4 Triangle spin cluster
In this section we consider one of the possible simple realizations of the total
Hamiltonian considered in the previous sections. Let us study triangle spin
cluster the Hamiltonian of which can be associated with the total Hamilto-
nian HT . Namely, the Hamiltonian
HT = −Jσ
z
0σ
z
1 − Jσ
z
0σ
z
2 − Jσ
z
1σ
z
2 − h(σ
z
0 + σ
z
1 + σ
z
2) =
= −Jσz1σ
z
2 − h(σ
z
1 + σ
z
2)− hσ
z
0 − Jσ
z
0(σ
z
1 + σ
z
2) (16)
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can be rewritten in the form (6) with
H = −Jσz1σ
z
2 − h(σ
z
1 + σ
z
2), (17)
H0 = −hσ
z
0 , (18)
Hint = −Jσ
z
0(σ
z
1 + σ
z
2), (19)
where λ = J and h0 = h. Thus in this case one of the spins (we choose this
spin to be σ0) can be considered as the probe spin (see Fig. 1). According to
Figure 1: Triangle spin cluster with σ0 being the probe spin. Time correlation
function of the probe spin is proportional to partition function of two spins
σ1 and σ2 in complex magnetic field.
(14) the time correlation function for spin σ0 is related with partition function
of two other spins described by Hamiltonian (17) in complex magnetic field
(15). The partition function of this Hamiltonian reads
Z(β, h˜) = eβ(J−2h˜)
(
q2 + 2qe−2βJ + 1
)
, (20)
where we introduce the notation
q = e2βh˜. (21)
This partition function has zeros Z(β, h˜) = 0 at the points
q± = −e
−2βJ ±
√
e−4βJ − 1. (22)
For antiferromagnetic interaction J < 0 solutions (22) are real, for ferromag-
netic interaction J > 0 we have the complex solutions
q± = −e
−2βJ ± i
√
1− e−4βJ . (23)
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Let us consider this case in details. One can verify that |q| = 1. So, the
solutions (23) can be represented in the form
q± = e
iφ, φ = ∓ tan
√
e4βJ − 1 + 2πn, n = 0,±1,±2, .... (24)
It means that zeros are achieved at purely imaginary magnetic field that is
in agreement with the Lee-Yang theorem.
Taking into account (15), definition of q (21) and (24) we find that zeros
of partition function and zeros of correlation function are achieved at h = −J
and
τ =
~
4J
(
± tan
√
e4βJ − 1 + 2πn
)
. (25)
So, the time correlation function has zeros at the moments of time given by
(25).
Note that considered in this section simple Ising model describes the
behavior of spins for instance in a Molecular Dysprosium Triangle [24]. So,
measuring of time correlation function in this system allows experimental
observation of the Lee-Yang zeros.
5 Conclusions
The main result of this paper is presented by formula (14) which relates the
two-time spin-1/2 correlation function with the partition function of spin
system in complex magnetic field. The imaginary part of magnetic field ac-
cording to (15) is related with the time of evolution. Thus measure of time
correlation function allows experimental observation of Lee-Yang zeros. The
Lee-Yang theorem states that zeros of partition function for ferromagnetic
spin system lie on imaginary axis of magnetic field h˜. Thus, the zeros of corre-
lation function and respectively the zeros of partition function are achieved at
Reh˜ = 0, that means that h = −λ. At this condition the correlation function
has zeros at different moments of time that correspond to zeros of partition
function. So, measuring of time dependence of the correlation function allows
direct experimental observation of Lee-Yang zeros. This result provides new
experimental possibilities in studies of Lee-Yang zeros in addition to that
presented in [10, 12], where zeros were related with decoherence.
We show the possibility of experimental realization of spin systems con-
sidered in this paper. One of the simplest possible realization is triangle Ising
7
cluster model which describes the behavior of spins in a Molecular Dyspro-
sium Triangle [24]. A spin of this system can be considered as probe spin.
Time correlation function of probe spin in this case is proportional to parti-
tion function of two other spins in complex magnetic field. Zeros of the time
correlation function are achieved at the moments of time given by (25). Ob-
servation of these zeros is equivalent to observation of Lee-Yang zeros. The
realization of this new possibility of experimental observation of Lee-Yang
zeros is related with recent progress in experimental measurements of the
time correlation function [25, 26, 27, 28], in particular, spin time correlation
functions. We hope that these methods of measurements of spin correlation
function can be applied to the system considered in present paper that allows
new possibility for direct experimental observation of Lee-Yang zeros.
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